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A reverse-flow reactor (RFR) usually attains a symmetric period-1 state, so that the 
temperature profile just after a flow reversal is a mirror image of that after the previous 
flow reversal. Recent simulations show that in certain cases a cooled RFR may attain 
other states with different types of periodicity or even complex quasi-periodic states. The 
maximum temperature of these states often exceeds that of the symmetric states so that 
it may deactivate the catalyst and/or lead to safety problems. A systematic, numerically 
eficient method is presented for constructing maps of parameter regions in which a 
cooled RFR has qualitatively different dynamic features. The technique is applied to 
determine the dependence of these dynamic features on the cooling capacity and flow- 
reversal period. Stable quasi-periodic and asymmetric period-1 states exist mainly for 
short flow-reversal periods. The quasi-periodic states usually exist for lower cooling ca- 
pacities than those for which the asymmetric period-1 states exist. Stable symmetric and 
asymmetric period-1 states exist for the same set of parameters in very narrow regions of 
the parameter space. The behavior of the RFR in the limit of very fast flow reversals is 
usually modeled by a countercurrent flow reactor, with equal flow rates in the two 
compartments. This cooled reactor may attain asymmetric states for certain sets of pa- 
rameters. 

Introduction 
A reverse-flow reactor (RFR) is a packed-bed reactor in 

which the flow direction is periodically reversed (Figure 1) to 
trap a hot zone within the reactor. It is one of the only two 
continuous, periodic, heterogeneous catalytic processes that 
have found technological applications so far (the second is 
the circulating fluidized bed). The RFR concept was pro- 
posed and patented by Cottrell (1938) for removal of pollu- 
tants. Frank-Kamenetskii (1955) described the oxidation of 
isopropyl-alcohol to acetone over a copper catalyst in an RFR. 
The recent applications and interest in RFR have been moti- 
vated by its successful application to SOz oxidation in Russia 
(Boreskov et al., 1979; Boreskov and Matros, 1983). A patent 
for reduction of SO, in an RFR was issued to Watson (1975). 
Experimental investigations include the removal of nitrogen 
oxides (Bobrova et al., 1988), production of syngas (Blanks et 
al., 19901, methanol synthesis (Neophytides and Froment, 
1992), the catalytic combustion of VOCs (Nieken et al., 1994; 
van de Beld, 19951, and catalytic oxidation of CO (Zufle and 
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Figure 1. Cooled reverse-flow reactor. 

Turek, 1997). A comprehensive review of the applications and 
studies of the RFR was presented by Matros and Bunimovich 
(1996). 

The rational design and operation of an RFR require effi- 
cient prediction of its performance. Dynamic simulations of 
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an RFR are usually rather lengthy as the periodic states are 
attained only after several hundreds of flow reversals (Nieken 
et al., 1995). This motivated the analysis of limiting models 
which predict its features for very short and infinite long flow 
reversal periods (Eigenberger and Nieken, 1988; Matros, 
1990; Nieken et al., 1995; Somani et al., 1997). The computa- 
tional effort of solving the full model may be considerably 
reduced by the procedure proposed by Gupta and Bhatia 
(1991) of calculating directly the periodic solutions by forcing 
the temperature profile after a flow-reversal period (half cy- 
cle) to be a mirror image of the original one. Thus, the set of 
partial differential equations is solved as a spatial and tempo- 
ral boundary-value problem. 

The RFR operates under conditions for which in addition 
to the extinguished (low temperature) state at least one peri- 
odic state exists with a hot zone trapped in the reactor. Chu- 
makova and Matros (1991) showed that the model of an RFR 
in which a single reaction occurs has three periodic solutions, 
at least one of them unstable. Ivanov et al. (1992) and Salinger 
and Eigenberger (1996b) have shown that up to five periodic 
solutions (two of them unstable) may exist for some parame- 
ters for a model of an RFR in which two independent, 
exothermic reactions occur. Nieken et al. (1994) observed this 
multiplicity during the simultaneous oxidation of propylene 
and propane. 

Information about the impact of the operating and design 
conditions (parameters) on the periodic states of an RFR 
is usually presented in the form of bifurcation diagrams. At 
first, numerical simulations were used to construct these bi- 
furcation diagrams (Matros, 1990; Bhatia, 1991; Gupta and 
Bhatia, 1991; Sapundzhiev et al., 1993; Snyder and Subrama- 
niam, 1993; van de Beld and Westerterp, 1994; van de Beld, 
1995; Nieken et al., 1995; Seiler and Emig, 1997). Chu- 
makova and Matros (1991) used the catastrophe theory to 
find isolated branches in the bifurcation diagrams of conver- 
sion vs. the superficial flow velocity for the limiting model of 
very short flow-reversal periods. Recently, Salinger and 
Eigenberger (1996a,b) used a numerical continuation tech- 
nique to track limit points of a two-phase model of an RFR 
in which either one or two independent reactions occurred 
and determined parameter regions with different numbers of 
solutions. Khinast and Luss (1997) developed a systematic, 
numerically efficient procedure for mapping parameter re- 
gions with qualitatively different bifurcation diagrams of the 
RFR. The efficiency of their numerical procedure was due to 
direct application of the singularity theory to the infinite di- 
mensional model, shooting in time, continuation techniques, 
and Broyden’s method, which circumvents repeated computa- 
tion of the Jacobian matrix. 

Salinger and Eigenberger (1996a,b) and Khinast and Luss 
(1997) found that, in general, an adiabatic RFR attains only 
symmetric states and that q + 1 of the 2q + 1 periodic states 
are stable. Numerical simulations by Rehacek et al. (1992, 
1998) showed that a cooled RFR may have complex and 
aperiodic states. Simulations by Salinger and Eigenberger 
(199613) supported some. of these findings suggesting that 
cooling causes the intricate dynamic behavior. The stability 
of the symmetric periodic states may be analyzed by Floquet 
theory (Iooss and Joseph, 1990), that is, by computing the 
eigenvalues of the monodromy matrix. This method has been 
applied to various periodic systems in the chemical engineer- 

ing literature (Kevrekidis et al., 1986; Gogolides et al., 1992; 
Croft and LeVan, 1994a,b; Salinger and Eigenberger, 
1996a,b). 

In some industrial applications an RFR has to be cooled in 
order to avoid catalyst damage or undesired reactions. Addi- 
tionally, it is extremely difficult to avoid heat losses in labora- 
tory and pilot reactors. The objective of this work is to map 
parameter regions in which a cooled RFR exhibits qualita- 
tively different dynamic features. These maps determine, 
among others, the parameter regions in which asymmetric and 
quasi-periodic states exist. A systematic and numerically effi- 
cient method is presented for constructing these maps. It does 
not require determination of the eigenvalues of the mono- 
dromy matrix, thus greatly reducing the computational effort. 
This methodology is used to determine the dynamics of a 
specific example in order to gain insight and understanding 
of the conditions leading to the various dynamic features of a 
cooled RFR. 

The dynamic behavior of an RFR in the limit of very fast 
flow reversals is usually modeled by a countercurrent flow 
reactor, with equal flow rates in the two compartments. It is 
usually assumed that the reactor attains symmetric states. We 
show that the limiting model also has asymmetric solutions 
for certain parameters. Moreover, this limiting model pre- 
dicts states, which differ from those of the full model for ex- 
tremely high flow-reversal frequencies. 

Model of the Cooled RFR 
We consider a cooled RFR in which a single irreversible, 

exothermic, first-order reaction occurs. We describe the RFR 
by a one-dimensional, pseudo-homogeneous model that ac- 
counts for axial heat and mass dispersion and external mass- 
transfer resistance between the fluid and the catalyst. The 
model assumes that all the physical properties are indepen- 
dent of the temperature and concentration and that the ef- 
fective axial thermal conductivity A,, (W/m K) satisfies the 
relation (Vortmeyer and Schafer, 1974) 

A,, = (1 - E )  A, + A,, 

where 

The conductivity of the solid phase and the effective thermal 
dispersion due to the heat transfer between the solid and the 
gas are accounted for by the first and the second term in Eq. 
1, respectively. Chen and Luss (1989) showed that the predic- 
tions of the pseudo-homogeneous model and a two-phase 
model are generally very similar when the temperature front 
moves downstream. This model has been used to simulate 
the dynamic features of an RFR by several authors (Eigen- 
berger and Nieken, 1988; Matros, 1989; Haynes et al., 1995; 
Nieken et al., 1995; Seiler and Emig, 1997; Khinast and Luss, 
1997). 

The dimensionless energy and species balances describing 
the temperature 0 and conversion x are 
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Table 1. Parameters Used in the Simulations 

To = T, 323 K E,/R 8,328.6 K 
k ,  1.815 x lo7 s - '  kc 0.115 m/s 
( pc,) ,  0.6244 kJ/m3.K ( pc,), 1,318.61 W/m3 K 
a" 2,628.8 m%mbeact L 1.0 m 
U 2.0 m/s 4 1.26 W/m.K 
h 0.13 kW/m2 .K E 0.69 
D,,, 4 x loe5 m2/s ATad 50 K 

The dimensionless variables 

depend on the dimensionless groups 

where 

k(To) = k;exp - - [ :;"I 
The flow direction indicator f in Eq. 3 is equal to 1 ( - 1) for 
flow from the left (right). The flow direction is reversed at 
each multiple of the flow-reversalperiod t f ,  that is, at r = 1, 2, 
3, ..., n. Each cycle consists of two flow-reversals, that is 

t ,=2.tf  or ~ ~ = 2  (7) 

The spatial boundary conditions for the flow from the left to 
the right (f = 1) are 

Da dO Da ax 
-(@)-I),  --= x at t = O  (8) 

4; d t  4: a[ 

This set of partial differential equations and boundary condi- 
tions may be written in the vectorial form 

We illustrate now some behavioral features of the RFR. The 
parameters used in the simulations are reported in Table 1. 
The kinetic parameters correspond to the catalytic oxidation 
of propane (Nieken and Eigenberger, 1988). 

For a flow-reversal period of 60 s the corresponding di- 
mensionless groups are 

Le = 686.6, T = 2212.7. (T = 6.9X 

Da = 5.745 X 4; = 1.4482 X &, = 4.16, 

(11) P = 0.155, y = 25.785 

Figure 2 shows a typical dependence of the maximum RFR 
temperature on the cooling capacity A for the parameter set 
in Eq. 11. An ignited state of a cooled RFR exists only if the 
cooling capacity does not exceed a critical value, which in- 
creases as the adiabatic temperature rise of the reaction in- 
creases. An extinguished state exists for all physical cooling 
capacities ( A  2 0). The branch of the extinguished states em- 
anates from a bifurcation point with a negative cooling capac- 
ity. Clearly, states corresponding to negative A values have 
no physical meaning and are not encountered in practice. 
Note that the maximum temperature of the ignited states ex- 
hibits a nonmonotonic dependence on the cooling capacity. 
Quasi-periodic states exist in this case in a region where the 
maximum temperature of the symmetric states on the ignited 
branch has a local minimum. The maximum temperature of 
the quasi-periodic states exceeds those of the symmetric ones. 
The nonmonotonic dependence of the cooling capacity is best 
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-- unstable symmetric states 
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Figure 2. Typical dependence of the maximum RFR 

temperature Om,, on the cooling capacity A .  
Letters denote states shown in Figure 3. 
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Figure 3. Temperature profiles as the flow is switched 
from the left to the right for symmetric 
period-1 states obtained for different cooling 
capacities A. 
Unstable profiles are shown by a dashed line; letters refer to 
marked states in Figure 2. 

understood by inspection of some temperature profiles (Fig- 
ure 3) when the flow direction is reversed from the right to 
the left. The corresponding states are marked in Figure 2. 
The combination of cooling and the relative fast flow-reversal 
frequency initially generates a hot zone with two temperature 
peaks (Figures 3b and 3c). Approaching the extinction point, 
the hot region shrinks as the cooling capacity increases. This 
causes a shift to a hot zone with only one temperature maxi- 
mum (Figures 3d and 3e). Following the transition from two 
temperature peaks to one temperature peak the maximum 
temperature increases with increasing cooling capacity. 

Various dynamic features of a cooled RFR are illustrated 
in Figure 4, which shows a time series of the dimensionless 
temperature 0, in the middle of the fixed bed ( 5  = 0.5) vs. 
the dimensionless time. Note that a full cycle consists of two 
flow reversals, that is, T~ = 2. Case a describes the most com- 
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Figure 4. Influence of the cooling capacities A and 
flow-reversal period t ,  on the time series of 
the temperature at the center of a cooled RFR. 
(a) Symmetric period-1 state, (b) asymmetric period-1 state, 
(c) dnd (d) quasi-periodic states 

2.5 
b. asymmetric, period-1 A = 4800, $ = 20s 
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relative position in the reactor 

Figure 5. Temperature profiles of cases (a, b, d) in Fig- 
ure 4 as the flow direction is switched from 
the left to the right. 
(a) Symmetric period-1 state; (b) asymmetric period-1 state; 
(d) quasi-periodic state. 

mon behavior of an RFR, that is, a symmetric period-1 oper- 
ation. The corresponding temperature profile (Figure 5a) has 
two maxima. Thus, the time series has two maxima in each 
flow-reversal period. When the cycle time is reduced and the 
cooling capacity increased, an asymmetric period-1 behavior 
may be observed such as that shown in Figure 4b. The corre- 
sponding temperature profiles are shown in Figure 5b. Fig- 
ure 4c illustrates a quasi-periodic motion in which the reactor 
returns approximately (but not exactly) to its original state 
after approximately 200 flow-reversals (100 cycles). Figure 4d 
shows a more complicated quasi-periodic motion with a faster 
second frequency for the same cooling capacity and a longer 
flow-reversal period. In this case, the reaction heat accumu- 
lates in different regions of the reactor and the hot zon5 
moves slowly (Figure 5d). We did not find parameters that 
generated chaotic motion. However, chaotic states may be at- 
tained for other reaction systems and parameter sets (Re- 
hacek et al., 1992, 1998). 

Bounding Regions with Asymmetric or Aperiodic 
Motion 

We describe here the mathematical background and the 
numerical technique for computing the loci separating pa- 
rameter regions with different dynamic features. This tech- 
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nique is applied in the next section to map the parameter 
regions leading to the complex dynamics and to gain an un- 
derstanding of these surprising dynamics. 

Khinast and Luss (1997) presented an efficient numerical 
scheme for the determination of the multiplicity features of 
an RFR. The method was based on construction of loci of 
codimension-1 singular points of the symmetric period-1 
states in the plane of two operating or design variables by 
direct application of the singularity theory to the infinite di- 
mensional model. The numerical method combined shooting 
in time, continuation techniques and the Broyden’s method to 
enable fast tracking of the bifurcations by avoiding repeated 
computation of the Jacobian matrix. 

The most efficient computation of a symmetric, periodic 
state of an RFR was suggested by Gupta and Bhatia (1991). 
It converts the model equations into a boundary value prob- 
lem (BVP) by enforcing the symmetry of the profiles after 
one flow reversal. Specifically, for a symmetric period-1 state 
solution of this BVP requires the vanishing of the residual 
function at T = 1. 

Here u,, and G(1) are the spatially discretized state variables 
at T = 0 and T = 1, respectively, that is, the vectors of the 
temperature and conversion at each node point. The tilde 
denotes mirror reflection, that is, it maps 5 into 1 - and 
the superscript s denotes a semi-cycle. The residual function 
for a full cycle with a period of T = 2 is 

The superscript c denotes a cycle consisting of two flow 
reversals. 

The method described below finds efficiently the solutions 
of these two residual functions. The finding of u,, for which 
the residual function defined by Eq. 12 vanishes, yields the 
symmetric states of period 1. The vanishing of Eq. 13 deter- 
mines both symmetric and asymmetric period-1 states. The 
numerical method consists of assuming a vector of the vari- 
ables at all the node points at T = 0, that is, u,,, and integrat- 
ing the model equations, Eq. 3, by an initial value problem 
(IVP) solver. A Newton-Raphson method uses the residual 
to converge to u,,. We found that the method of finite dif- 
ferences with upwinding of the first derivatives in the mass 
balance gave a smaller discretization error than orthogonal 
collocation on finite elements. Grid refinement studies 
showed that the use of 100 spatial node points yielded suffi- 
cient accuracy. Details of the shooting method are described 
by Khinast and Luss (1997). 

We extend here the previous method of predicting changes 
in the multiplicity features of a periodic system to determine 
the loci of the following dynamic bifurcations: transition from 
a symmetric to an asymmetric periodic state, shift to quasi- 
periodic dynamics, and transition to a period-q behavior. 

The stability of a periodic state depends on the spectrum 
of the eigenvalues of the monodromy matrix M of the peri- 
odic solutions, that is, the matrix, which reflects the propaga- 
tion of small perturbations over one cycle (Coddington and 
Levinson, 1955; Iooss and Joseph, 1980). Generically, a peri- 

odic state is stable when the absolute value of every eigen- 
value (Floquet multiplier) of the monodromy matrix is smaller 
than unity. A periodic solution becomes unstable when one 
eigenvalue crosses the unit circle. Different bifurcations oc- 
cur depending on the angle at which the eigenvalues cross 
the unit circle. 

In principle, it is possible to track the various bifurcations 
by repeatedly computing the monodromy matrix and its 
eigenvalues. In practice, repeated computation of the mono- 
dromy matrix requires extensive computer capacity and time. 
This led us to develop an alternative method for tracking the 
dynamic bifurcations. In some cases we computed M and the 
Floquet multipliers in order to check the validity of the sta- 
bility predictions. The numerical procedure for determining 
M is described in the Appendix. 

One advantage of our method for predicting changes in 
the multiplicity features of the periodic states is the elimina- 
tion of the need to compute the Jacobian matrix. We only 
need to determine the product of the Jacobian matrix with its 
eigenvector. The same concept is exploited in this study by 
finding first a relation between the monodromy matrix and 
the Jacobian matrix. Consequently, the defining conditions of 
the various singularities do not require computation of either 
the monodromy or the Jacobian matrix. 

In a sufficient close neighborhood of u, and A, a small 
perturbation 6u, of a symmetric solution uo is governed by 

The Jacobian matrix J 5  of the residual function defined by 
Eq. 12 is 

= 6u, - 6Gk,  , (15) 

Equations 14 and 15 give 

Similarly 

Equations 16 and 17 establish a relation between the mono- 
dromy matrix and the Jacobian (linearization) of the residual 
equations. These relations are essential for tracking the dy- 
namic singular points. 

At a limit point of a Jymmetric state (L-S) one eigenvalue of 
M” crosses the unit circle at p = + 1. At a limit point of an 
asymmetric state (L-AS) one eigenvalue of M‘ is p = + 1. A 
symmetric period-1 solution undergoes a symmetry loss (SL) 
bifurcation when M” has a p =  -1 eigenvalue. A period 
doubling (PD) bifurcation occurs when M C  has a p = - 1 
eigenvalue. When a conjugate complex pair of eigenvalues 
crosses the unit circle a quasi-periodic (two-torus) state is 

1132 May 1998 Vol. 44, No. 5 AIChE Journal 



- 0  at [ = 1  (27) 0, -- 
d u2 d u1 
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usually obtained. We denote the bifurcation of quasiyenodic 
-= solutions from symmetric (asymmetric) ones as QP-S (QP-AS). 

Each of the described bifurcations satisfies the condition 

where 

We rewrite Eq. 18 for one or two flow-reversal periods as 

As in Khinast and Luss (19971, we use the fact that the prod- 
uct of the Jacobian matrix with its eigenvector can be deter- 
mined by direct FrCchet differentiation of the residual Eqs. 
12 or 13 

Substitution of Eqs. 21 and 22 into 20 gives for a bifurcation 
from symmetric period-1 states 

puo = a( 1) (23) 

and for a bifurcation from asymmetric period-1 states 

The different dynamic bifurcations (symmetry-loss, bifurca- 
tion to quasi-periodic or q-periodic solutions) are obtained 
for the corresponding p-values. We iterate the solution until 
we find the uo, which satisfies either Eqs. 23 or 24 for the 
specific p value of the bifurcation of interest. The vectors 
V ( l )  and u(2) are the solutions of the linearized model equa- 
tions integrated over one or two flowing periods, that is, the 
solution of 

(iB 
a@ _ _ .  ~ ~ ‘ ( 1 -  X )  + B(O) .u ,  = 0 (25) 

subject to the spatial boundary conditions 

Da d u ,  Da du,  
- u 1 ,  --= u2 at [ = 0  (26) 

4; a t  4: 

and the initial condition 

u(7 = 0) = uo. (28) 

Since an eigenvector is defined only up to a multiplicative 
constant, we assign an arbitrary value to one element or the 
norm of the vector, which is an additional equation. When p 
and uo are complex (bifurcation to quasi-periodic states), we 
integrate separately the real and complex parts of the equa- 
tions. 

Consequently, each singular point described above is de- 
termined by the residual Eqs. 12 or 13, the bifurcation condi- 
tions Eqs. 23 or 24 with the corresponding eigenvalue p, as 
well as the choice of the norm of the eigenvector. These 2n + 1 
equations define the 2n variables (u,,u,) and A at the singu- 
lar points. The numerical method (shooting and Broyden’s 
method) used to solve for the state and eigenvectors is de- 
scribed by Khinast and Luss (1997). All singular points were 
tracked with respect to an additional parameter by using a 
quasi arc length continuation scheme (Seydel and Hlavacek, 
1987). Following the terminology of the singularity theory with 
a distinguished parameter (Golubitsky and Schaeffer, 1985), 
we define the codimension of a singular point to be 0 if it 
depends only on the bifurcation parameter A. Note that in 
the nonlinear dynamics literature, these singular points are 
often defined to be of codimension 1. 

Period-q states emerge when a complex pair of eigenvalues 
crosses the unit circle at angles of cp, such that 

with p and q being integers. Note that, for a large q, motion 
is indistinguishable from a quasi-periodic one. Two parame- 
ters have to be changed so that a pair of Floquet multipliers 
crosses the unit circle at cp = 27rp/q. The first parameter 
causes the crossing of the unit circle, the second one is needed 
to cross the unit circle exactly at cp = 27rp/q, that is, at the 
bifurcation point to q-periodic solutions. Therefore, bifurca- 
tions to period q ( q  > 2) are of codimension 1 (codimension 
2 in the nonlinear dynamics literature). A codimension-1 bi- 
furcation from symmetric to period-q ( q  > 2) states has to 
satisfy Eqs. 3 and 23, as well as 

pR = cos(27rp/q) and pLI = sin(27rp/q). (30) 

Additionally, a norm of the (complex) eigenvector has to be 
chosen. These equations determine (u,, uo), A and a parame- 
ter p 1  in p .  

The region of stable period-q solutions on the outside of 
the unit circle is called an Arnold resonance tongue (Arnold, 
1983; Peckham et al., 1995). The boundaries of Arnold reso- 
nance tongues may be determined by the method described 
above. However, in order to track the boundaries the integra- 
tion has to be performed over 2 - q flow-reversals ( q  cycles). 
The tip of the Arnold resonance tongue lies on the unit circle 
at cp = 27rp/q. 
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Other singular points of codimension 1 exist either at a 
tangential or transversal intersection of loci of codimension 0 
singularities. Five types of different codimension-1 dynamic 
singularities were found in our study of the cooled RFR. Fig- 
ure 6 describes their unfolding, that is, the two qualitatively 
different bifurcation diagrams obtained following a small per- 
turbation of a parameter close to the singular point. 

A Bogdanou-Takens (BT) bifurcation occurs when a quasi- 
periodic bifurcation exists at a limit point of the asymmetric 
solution, that is, at the intersection of the L-AS (limit point 
of asymmetric states) and the QP-AS (bifurcation between 
QP and AS states). At that point M" has a double eigen- 
value of + 1. 

A Twist (TW) bifurcation is formed at the intersection of 
the SL loci (symmetry loss of symmetric states) and a limit 
point of either the symmetric or asymmetric states, that is, 
L-S or L-AS. At this point M" has one eigenvalue of + 1 and 
one of -1. 

We define a QPS singularity to be a point at which both an 
SL bifurcation and a QP-AS bifurcation occur so that M" 
has a double eigenvalue of + 1. Crossing this point shifts the 
sequence of stable stages in the bifurcation diagram from S 
--$ AS --$ QP to S --$ QP (see Figures 6g and 6h). 

A degenerate quasi-periodic bifurcation (DQP) is a limit point 
of the QP locus. On one side of it, quasi-periodic states exist, 

X m 

0' 

S I DSL k a u  SL S L  

A 
Figure 6. Bifurcation diagrams following unfolding of 

various codimension-1 singular points ob- 
served in our simulations. 
S (AS) = symmetric (asymmetric) states; *** = quasi- 
periodic states; SL = symmetry loss; QP-S (-AS) = quasi- 
periodic bifurcation from symmetric (asymmetric) states; L-S 
(-AS) = limit points of symmetric (asymmetric) states. 

and none exist on the other side. Here the condition (Eq. 19) 
has to be satisfied and, in addition, the derivative of the abso- 
lute value of the eigenvalue with respect to the bifurcation 
parameter vanishes, that is, 

= O  
d( P i  + P:) 

d h  

The computation of this point is more intricate than that of 
other singular points of codimension 1 and is described in the 
Appendix. At a degenerate Jymmetry-loss (DSL) bifurcation, 
the SL locus has a limit point so that a branch of asymmetric 
states exists only on one side of the point. 

Influence of Cooling and Cycle Time on the 
Dynamic Features 

The method described above was used to construct a map 
(Figure 7 )  of regions with qualitatively different stable, peri- 
odic states for the example considered in this work. The 
boundaries separating regions with qualitatively different dy- 
namic features are the loci of various codimension-0 singular- 
ities. These were computed only for flow-reversal periods 
exceeding 0.1 s, which is much shorter than that at which an 
RFR may be operated. Numerical difficulties precluded ac- 
curate calculations at shorter flow-reversal periods. More- 
over, some of the assumptions of the pseudo-homogeneous 
model become questionable at this high flow-reversal fre- 
quency. 

A typical dependence of the maximum temperature on the 
cooling capacity was shown in Figure 2 for a case where only 
symmetric and quasi-periodic states exist. The intermediate 
branch of the symmetric states is always unstable, while the 
extinguished branch is always stable. As shown in Figure 2, 
the branch of extinguished states emanates from a bifurca- 
tion point with negative cooling capacity and exists for all 
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I " bDSL 
\ 
\ 

SYMMETRIC PERIOD I 
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t, [SI 
Figure 7. Map of regions with qualitatively different dy- 

namic behavior of an RFR. 
Boundaries are loci of codirnension-0 singularities in the A-rf 
plane. (SL = symmetry-loss; L-S = limit point of the sym- 
metric solution; L-AS = limit point of the asymmetric solu- 
tion: QP-S = quasi-periodic bifurcation of the symmetric so- 
lution; B T  = Bogdanov-Takens bifurcation; D Q P  = 
degenerate quasi-periodic bifurcation: DSL = degenerate 
symmetry-loss bifurcation; T W  = twist bifurcation; QPS = 
OPS bifurcation). 
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non-negative A values. Thus, in Figure 7 a stable extin- 
guished, period-1 symmetric state exists for any tf and cool- 
ing capacity. Figure 7 shows that only extinguished states are 
attained when either the cooling capacity exceeds a critical 
value or the flow-reversal time is either very long or very short. 
The reason is that when ff is very large, the temperature 
front exits the reactor before the flow direction is reversed. 
When tf is smaller than the characteristic reaction time, the 
conversion and heat generation in the reactor are negligible 
and only an exitinguished periodic state exists. We shall later 
compare and discuss the predictions of this model with those 
of the limiting model for infinitely high flow-reversal fre- 
quency. 

Figure 7 shows that the loci of the limit points of the sym- 
metric (L-S) and asymmetric (L-AS) period-1 states bound a 
region in which the RFR has ignited states in addition to the 
extinguished ones. The period-1 symmetric states occupy the 
largest part of this region of feasible operation and are the 
only ignited states that exist when the cooling and heat loss 
are insignificant. However, when the reactor is cooled com- 
plex periodic and asymmetric states exist for a rather large 
set of operating conditions. Asymmetric states exist for rela- 
tively high cooling capacities and short flow-reversal periods. 
The transition from symmetric to asymmetric states upon a 
decrease in tf occurs via a SL bifurcation (line TW,, DSL, 
QPS, in Figure 7) .  The quasi-periodic states exist for inter- 
mediate flow-reversal times and an intermediate level of 
cooling capacity. The symmetric period-1 states transform to 
quasi-periodic states usually via a quasi-periodic symmetric 
(QP-S) bifurcation. The line QPS,, DQP, QPS, is a locus of 
such a bifurcation. The asymmetric period-1 states transform 
to quasi-periodic states at a quasi-periodic-asymmetric (QP- 
AS) bifurcation. However, in some cases, such as in the sec- 
tion between QPS, and BT, this transition is more intricate 
and consists of a sequence of several bifurcations. Since the 
loci of some of these bifurcations are very close to each other, 
it is not possible to distinguish among them in Figure 7. A 
more detailed map of part of the (A,  tf> plane is presented in 
Figure 8 that also includes an insert showing these bifurca- 
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Figure 8. Enlarged map of regions with qualitatively dif- 

ferent dynamic behavior of an RFR. 
The insert is the region close to BT, TWl and QPS,; both 
symmetric and asymmetric stable period-1 states coexist in 
the dashed region in the inset. 

tions. Between TW, and BT, the symmetric and quasi-peri- 
odic states are separated by a very narrow (dashed) region, in 
which both symmetric and asymmetric states exist, followed 
by another narrow region (between QP-AS and SL) where 
only asymmetric states exist. 

Figure 6 is a description of the various bifurcations that 
occur in this example. Some of the symmetric states on the 
ignited branch may be destabilized due to the supercritical or 
subcritical emergence of branches of asymmetric period-1 
states (at SL points such as in Figures 6c-6d) or of a quasi- 
periodic branch (at QP-S points such as in Figure 6i). In some 
cases a branch of quasi-periodic states emerges from the 
branch of asymmetric states (QP-AS points). When a subcrit- 
ical bifurcation of an asymmetric branch occurs, then for a 
certain range of A values (between SL and L-AS in Figure 
6d) both symmetric and asymmetric period-1 stable states ex- 
ist. This behavior was observed for the parameters bounded 
in the dashed region (TW,, X, BT) in the insert in Figure 8. 
When the limit point of the asymmetric states is at a A value 
exceeding that of the limit point of the symmetric states then 
asymmetric ignited states exist for a range of A values (be- 
tween L-S and L-AS in Figure 6e) in which no symmetric 
period-1 solution exists. In these cases the L-S locus does not 
bound the parameter region in which nonextinguished states 
exist. This behavior occurs in a very narrow region of param- 
eters to the left of TW, in Figure 7 .  Due to the close proxim- 
ity of the L-S and L-AS in this case, this narrow region can- 
not be detected in this map. 

The intersections of the codimension-0 loci (SL, L-S, L-AS, 
QP-S, QP-AS) are codimension-1 singular points. As seen 
from Figures 7 and 8, the following codimension-1 singular 
points exist in our example: A Bogdanov-Takens (BT) point 
at the intersection of the L-AS and QP-AS, two Twist points 
at the intersection of the SL and the L-S or L-AS loci, and 
two QPS points at the tangential intersection of the QP-S 
and SL loci. The SL locus between the two QPS points is not 
observable as stability is lost at the QP-S points at which a 
quasi-periodic branch emerges. The degenerate quasi-peri- 
odic (DQP) bifurcation point is the largest flow-reversal pe- 
riod for which quasi-periodic states exist (see Appendix). In 
addition, the map includes the codimension- 1 degenerate sta- 
bility loss (DSL) point. Figure 6 shows the changes in the 
bifurcation diagrams upon the unfolding (perturbations) of 
such singular points. 

As may be seen in Figures 7 and 8, the exotic asymmetric 
and quasi-periodic states tend to appear for relatively high 
flow-reversal frequencies. This is illustrated by Figure 9, which 
shows the emergence of asymmetric and quasi-periodic states 
as the flow-reversal period is decreased. Our calculations re- 
vealed a rather moderate change in the behavior of the RFR 
following a supercritical SL bifurcation. However, crossing the 
QP-S loci caused a rapid change in the qualitative dynamic 
features. The time series of the reactor center temperature 
(Figure 10) illustrates such a sharp transition. While a pe- 
riod-1 symmetric state exists for tf of 129 s, a complex quasi- 
periodic state is obtained for tf of 127 s. The real and imagi- 
nary parts of the conjugate complex eigenvalues change 
smoothly along the loci of the QP-S and QP-AS as the flow- 
reversal period and cooling capacity change. This leads to a 
continuous change of the oscillation frequency, which differs 
from the forcing (flow-reversal) frequency. 
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Figure 9. Emergence of asymmetric and quasi-periodic 

states upon decreasing the flow-reversal pe- 
riod. 

In our example we did not observe any period-q ( q  > 1) 
bifurcation. Although in the general case of quasi-periodic 
bifurcations two noncommensurate periods (flow-reversal and 
the oscillation period) exist, one can expect that period-q 
states with a high period may exist for some parameter sets. 
It is rather difficult to distinguish between these and a quasi- 
periodic state since motions with high q values are in prac- 
tice very similar to quasi-periodic ones. It should be noted 
that period-q motions may occur in a cooled RFR. In fact, 
Rehacek et al. (1992, 1998) found period-6 and -11 states in- 
terspersed in a region of aperiodic behavior. The mapping of 
periodq regions via continuation methods may be accom- 
plished by an extension of the methods described in this study. 
However, it is more intricate to compute these bifurcations 
since the numerical effort is larger, as the equations have to 
be integrated over q periods. To determine the boundaries 
of the Arnold resonance tongues, it is best to find first such a 
state. Continuation techniques can then be used to reach the 
boundary of the region, and then to determine the region 
boundaries with the methods described above. 

Limiting Model for Very Fast Flow Reversals 
We now examine the dynamic features of the countercur- 

rent flow reactor with it used as the limiting model for very 
high flow-reversal frequencies. Boreskov et al. (1983) and 

2.2 ~ 

(a) I A = 3880, f f =  127s 

T 

z 
Figure 10. Changes between (b) symmetric period-1 to 

(a) quasi-periodic behavior of the tempera- 
ture at the center of the RFR upon crossing 
the QP-S bifurcation. 

Matros (1989) pointed out that for very rapid flow reversals 
the temperature profile of the RFR approaches that of a 
countercurrent reactor with equal feed flow rates and veloci- 
ties in the two directions. That limiting model simplifies sig- 
nificantly the prediction of the temperature profiles of the 
RFR at high flow-reversal frequencies and has been used by 
many investigators. Recent examples are articles by Nieken 
et al. (19951, Matros and Bunimovich (1996), and Somani et 
al. (1997). This model assumes that the axial temperature in 
both compartments is independent of the flow direction and 
the “averaged” energy balance is 

1 a20  
-- + p .  B ( 0 )  .0.5 .[(1- x , )  + (1 - x , ) ]  
4; a t 2  

- A * ( @  - 0,) = O  (32) 

The corresponding species balances are 

1 dZx, 1 dx, + B ( @ ) . ( l -  x1)=0 (33) 4; Da a( 
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1 d2x2 1 dx, 
__- +--+B(O).(l-x,)=O (34) 
4: +t2 Da a t  

2.0 - 
x 

1.5 - 

where x, and x2 are the conversion in the two countercur- 
rent flow compartments. It is customary to assume that the 
model solutions are symmetric. We shall check if and when 
this a pn'on' assumption is valid using the general boundary 
conditions 

- 0  at [ = O  X I ,  -- 
Da dO 1 Da ax, 8x2 _ _  =-(@)-.I) ,  --= 

42 a5 2 4; a t  

2.5 I I 

symmetric 
asymmetric \ 

symmetric 
asymmetric 

I 

= SL point 

\ 

(35) 

at [=1. (36) 

Two symmetry loss points from which asymmetric solutions 
emerge were found on the branch of the symmetric solutions 
of this limiting model (Figure 11). The asymmetric solutions 
existed within a bounded region of cooling capacities. The 
bifurcation of this branch of solutions was subcritical at A = 
2,300 and supercritical at A = 4,960. Figure 12 shows the pro- 
files of the symmetric and asymmetric states for a cooling 
capacity of A = 2,280, that is, in the region, where asymmet- 
ric and stable symmetric solutions coexist. Clearly, there ex- 
ists another asymmetric state, which is a mirror image of the 
one shown. The example points out that assuming that the 
solutions of the limiting model are always symmetric may lead 
to pitfalls in simulations of a cooled RFR. Moreover, this 
limiting model does not predict correctly the behavior of the 
full model in the limit of very frequent flow reversals. The 
complete RFR model predicts that in the limit of tf + 0 only 
an extinguished state exists, while the ignited states of the 
limiting model do not depend on t f .  

Discussion and Conclusions 
Cooling of an RFR may be required to avoid catalyst dam- 

age and deactivation or product degradation. Additionally, in 
laboratory and pilot-plant RFRs it is difficult to avoid heat 
losses. The examples presented here show that cooling of an 
RFR as in the case of a CSTR may lead to complex dynamic 
features, which are not exhibited by an adiabatic reactor. The 
transition from one type of periodic behavior to the other 
may be rather abrupt, as illustrated by Figure 10. The map of 
the various regions (Figure 7) shows that while the symmetric 
period-1 state is the most common ignited state, asymmetric 
and quasi-periodic states exist over an appreciable region of 
operating conditions. The aperiodic and asymmetric states 
certainly complicate the operation and control of an RFR 
and are undesirable since they usually lead to a maximum 
temperature exceeding that of symmetric period-1 states (see 
Figures 2 and 11). This excessive temperature rise may cause 
deactivation of the catalyst and lead to reactor safety prob- 
lems. Thus, it is essential to be able to predict a priori when 
these undesired states occur. 

The existence of the asymmetric and quasi-periodic states 
is associated with the inability of the bed temperature to 

1.0 J I 1  
-2000 0 2000 4000 6000 8000 10000 

A 
Figure 11. Dependence of the maximum temperature on 

the cooling capacity of a countercurrent re- 
actor. 

respond rapidly to the fast changes in the flow direction. 
Therefore, increasing the flow-reversal period above a criti- 
cal value can eliminate these undesired states. The quasi- 
periodic behavior may be transformed to either symmetric or 
asymmetric period-1 states by a sufficient increase in the value 
of the cooling capacity. There are some very narrow regions 
of operating conditions in which a cooled RFR has two dif- 
ferent stable ignited states, that is, a symmetric and an asym- 
metric state. At least in the example studied here, these pa- 
rameter regions are very small and this interesting dynamic 
feature is mainly of academic interest and rather unlikely to 
be observed in practice. We did not observe any period dou- 
bling or any periodg ( q  > 1) motion in the example investi- 
gated here. However, Rehacek et al. (1992, 1998) found 
period-6 and -11 states interspersed in a region of aperiodic 
behavior for a different reaction system. 

Moderate reactor cooling or heat losses are manifested by 
the existence of two local maxima in the temperature profile, 
similar to those found in our simulations (Figures 3b and 3c). 

2.5 
asymmetric symmetric 
/ \ 

I 

! A=2280 
1.0 4 

0.0 0.2 0.4 0.6 0.8 1 .o 
axial position in the reactor 

Figure 12. Temperature profiles of the symmetric and 
asymmetric states of the countercurrent re- 
actor, which coexist for the same set of pa- 
rameters ( A  = 2,280). 
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Time-averaged asymmetric profiles were reported in a recent 
experimental study by Zufle and Turek (1997) with n o  com- 
ments about the origin of the asymmetry. These asymmetric 
profiles with two local temperature maxima were observed 
only for high-temperature states, at which obviously heat loss 
was not negligible. Our results suggest that it is important to 
check whether cooling or heat loss to the surrounding area 
may generate the reported dynamic features in a particular 
reactor. 

The finding of the asymmetric solutions for the limiting 
model for very high flow-reversal frequencies indicates that 
the common assumptions that this model has only symmetric 
states may lead to pitfalls. Thus, it is essential to solve that 
model with the boundary conditions given by Eqs. 35 and 36. 
It is of interest to note that the full model predicts that, for 
very frequent flow reversals, the RFR can attain only an ex- 
tinguished state. The limiting model predicts, on the other 
hand, that the RFR may have symmetric and asymmetric ig- 
nited states in addition to the extinguished one. This shows 
that the limiting model has to be applied carefully. It should, 
however, be pointed out that this deviation occurs only when 
one considers the case of extremely high and impractical 
flow-reversal frequencies. 

The mathematical procedure presented here enables an ef- 
ficient, systematic mapping of parameter regions (Figures 7 
and 8) in which a cooled RFR attains qualitatively different 
dynamic features. Specifically, it enables bounding of regions 
in which the cooled RFR has either symmetric states, asym- 
metric period-1 states, or quasi-periodic states. Applying these 
techniques together with those presented previously (Khinast 
and Luss, 1997) for determining all the multiplicity features 
of the RFR provides essential information for the rational 
design, operation, and control of this reactor. The high nu- 
merical efficiency of the procedure makes it feasible to rou- 
tinely conduct this analysis in the design of an RFR. The 
computational techniques developed here for mapping the 
dynamic regions of an RFR may be applied also in the analy- 
sis of other periodic processes of distributed parameter sys- 
tems, such as pressure swing adsorption (Kikkinides et al., 
1995). 
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Notation 
a,= specific surface area, m2/m3 

A ,  = heat exchange area, L/rn 

c = concentration, kmo1/m3 
c p =  heat capacity, JXkgeK) 

B ( O ) =  temperature dependence of reaction rate 

Da = Damkohler number, defined by Eq. 5 
Do, = axial diffusion constant, m2/s 
E,  = activation energy, J/mol 

F =  residual function 
h = heat-transfer coefficient between fluid and catalyst, WXK. 

m2) 
- A H  = heat of reaction, J/mol 

k ,  = mass-transfer coefficient, m/s 
k, = frequency factor, L/s 

k(To)= rate constant at To, L/s 
L = reactor length, m 

Le = Lewis number, defined by Eq. 5 
n = number of discretized state variables (2N) 
N =  number of node points 
p = vector of parameters 
r =  outer reactor radius, rn 

R = universal gas constant, J/lmol- K) 
t =  time, s 

t ,  = cycle time (2 flow reversals), s 
T= temperature, K 
T, = cooling temperature, K 

ST,,= adiabatic temperature rise. - A Hc,,/l pc,) , ,  K 
u = superficial gas velocity, m/s 
U =  overall heat-transfer coefficient, WAK-m2) 
vo = eigenvector of J 
yo = adjoint eigenvector of J 
z = axial coordinate, rn 
p = dimensionless adiabatic temperature rise, defined by Eq. 5 
y= dimensionless activation energy, defined by Eq. 5 
E =  bed voidage 

A, = solid conductivity, W/(m-K) 
contribution of gas-solid heat transfer to A,,t 

<= dimensionless axial position, defined by Eq. 4 
p =  density, kg/m’ 
m= dimensionless reference time, defined by Eq. 5 
T =  dimensionless time, defined by Eq. 4 

cp= angle of the eigenvalues 
$:= heat transport modulus, defined by Eq. 5 
I&: = mass transport modulus, defined by Eq. 5 
T= gas to solid volumetric heat capacity ratio, defined by Eq. 5 

Indices 
g = gas phase 
0 = feed 
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Appendix 
Computation of the monodromy matrix 

The monodromy matrix is equal to the sensitivity matrix 
S ( T ~ )  at the end of the flowing period. The sensitivity matrix 
is defined as 

where u is the spatially discretized state vector 
cretized model has the form 

The sensitivity matrix is computed by differentiating Eq. A2 
with respect to the initial conditions and integrating the set 
of n x n differential equations 

dS 
-=A(u(~),h,p).S S ( T = O ) = Z  (A3) 
d7 

where A is the Jacobian matrix of f. The sensitivity matrix S 
may also be determined by computing S(““) at every time 
step from the Crank-Nicholson discretized form of Eq. A3, 
that is 

I - “ (  ,”T ) 2 
- Z + A ( T )  .S‘” (A4) 

We denote the monodromy matrix for a semicycle M S ,  that is 
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where the tilde means mirror reflection of the rows. The 
monodromy matrix computed by integration over the full cy- 
cle of two flow reversals (7, = 2) is denoted as M'. Thus 

& 
- d A  * v =  ( z D , F ( u ,  A))  'V 

d 

= D ; , F ( u , A ) * v +  D ? , F ( u , A ) - ( b , v )  (A12) 

(A6) where 
M C ( u O ,  A,) = S' (T  = 2 )  

Leis and Kramer (1988) developed a solver ODESSA based 
on LSODE for integration of the sensitivity (variational) 
equations together with Eq. A2. However, integrating Eq. A2 
with LIMEX (Deuflhard et al., 1987) and simultaneously 
solving Eq. A4 was faster than using ODESSA at the same 
accuracy. However, we expect ODESSA'S performance to be 
superior for more complicated problems due to the higher 
level of sophistication. The eigenvalues of M were calculated 
by the QR-algorithm routine RG in EISPACK (NETLIB). 
Because of the associated extensive computational effort, the 
M's were computed only in a few cases to check the validity 
of our stability predictions for some test cases. 

dU 

dh 
b = -  

With this, Eq. A l l  becomes 

y* * [  D;,F( U ,  A) * C' + Dzu F(  U ,  A) * ( b ,  v)] 21 = _  

d h  U ~ . A ( ,  Y*V 

(A14) 

D $ F . ( b , v )  and D;,F-v may be determined by FrCchet dif- 
ferentiation of the model equations and integration of a set 
of ODES. b may be computed by differentiating F(u,  A) = 0 
with respect to A, that is 

dF d F  du dF 

d A  dh d A  d A  
+ J . -  = - + J * b = O .  (A15) Degenerate quasi-periodic CDQP) bifurcation locus _ = _  

At a DQP point, the equations describing a quasi-periodic 

The product of J .  b is computed by integrating the linearized 
model equations Eqs. 25-27 with the initial condition v(0) = 

b. Equation A15 is used to iteratively determine b. When A 

bifurcation are satisfied and in addition 

dPR d( " + ") = 2[ pR- + = 0 (A7) is selected as the bifurcation parameter 
d h  d h  

Direct computation of the derivative of the eigenvalues in 
Eq. A7 is rather complex. Another approach is to use the fact 
that the eigenvalues and eigenvectors of the monodromy ma- 
trix M satisfy the relation 

The adjoint eigenvector y satisfies the equation 

(A8) Substitution of M = Z - J into Eq. A17 gives P=- 
Y * V  

It may be shown that y * ( Z -  J )  = p.y* y*J= ( 1  - p ) * y *  (A18) 

where 

is the total derivative of M .  Substitution of the relation M = 

Z - J gives 

Again only the product of J *  * y has to be evaluated by deter- 
mining the adjoint operator of the linearization. The method 
of determining the adjoint eigenvector of the periodic states 
of the RFR was described by Khinast and Luss (1997). Since 
the eigenvector is only determined up to a multiplicative con- 
stant, we can assign an arbitrary value to one element in the 
vector. We choose an inner product between the eigenvector 
and the adjoint eigenvector 

( v , y >  = l + i  

This guarantees that the numerical scheme does not con- 
-= d p  y * ( I - J ) A v  = _ _ _  Y*J,v verge to a trivial (zero) eigenvector or adjoint eigenvector. 
d A  Y*V Y * V  These conditions determine u,  u, y ,  p R ,  p,,  A and an addi- 

tional parameter in p .  

( A ~ ~ )  

JA may be determined by Manuscript received Sept. 15, 1997, and revision received Feb. 9, 1998. 
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